We develop a novel continuum description of lattice dynamics for a particle chain with nearest neighbor interactions. Our continuum model interpolates discrete solutions and allows one to deal adequately with singular and impact loadings. The resulting theory is local in space and nonlocal in time. It is characterized by a nontrivial hereditary structure which blends inertial and elastic forces. The proposed methodology can be used to build continuum approximations for lattice dynamics which incorporate successively finer scales. It can also serve as a seamless interface between discrete and continuum elasticity theories.
anti-continuum effects are becoming dominant as one tries to miniaturize engineering devices and optimize them through the fine material selection. It is hardly an exaggeration to say that recent technological interest has been mostly focussed on the scales where the CC theory fails (Massobrio et al., 2010) .
To capture the micro-scale effects one can directly apply the lattice MD theory which is, however, analytically opaque and can be viewed only as a numerical tool. More importantly, adequate MD simulations of crystalline materials are in most cases still too time consuming to be handled by modern computers. It is therefore an important challenge to develop a hybrid theory of dynamic crystal lattices which combines the advantages of the continuum description with the ability to reproduce some micro-structural features, for instance the nontrivial dispersion relations (Collins, 1981; DiVincenzo, 1986; Kevrekidis et al., 2002; Arndt and Griebel, 2005; Tang et al., 2006; Askes et al., 2008; Andrianov et al., 2010) . Among many attempts to construct such quasi-continuum (QC) theories (continuum theories incorporating internal length scales) 1 one can naturally distinguish two major approaches.
In the first group of theories, one extends the classical elasticity by introducing one or several nonclassical continuumbased ingredients, such as internal variables (Mindlin, 1964; Kröner, 1968; Kunin, 1982) , higher gradients (Toupin, 1962; Krumshansl, 1965; Mindlin, 1965; Blanc et al., 2002; Sunyk and Steinmann, 2003) , nonlocal interactions (Eringen, 1972; Kunin, 1982; Rogula, 1982; Silling, 2000) , etc., which are then considered operative everywhere in the domain of interest.
As one example, we can mention a static multi-field theory (Charlotte and Truskinovsky, 2008) allowing one to reduce the discrete problem to a set of coupled second order partial differential equations. Another example is a dynamic multi-field theory (Il'iushina, 1969; Kunin, 1982; Vasiliev et al., 2010) introducing internal variables with nontrivial inertia. The problem with this general approach is that the new continuum structures are accounted for not only where they are essential, but also where the simpler CC theory could be used as well.
In the second, mostly numerical approach, one applies continuum thermo-elasticity everywhere outside some small domains (usually around singularities) and uses discrete MD inside these domains E and Huang, 2002; E et al., 2006; Dobson et al., 2007; Lin, 2007; Braides and Truskinovsy, 2008) . Despite notable successes in recent years the existing methods of this type still generate errors which cannot be fully controlled (Curtin and Miller, 2003; Liu et al., 2004; Park et al., 2005; E and Li, 2005; Tadmor and Miller, 2011) . More importantly, the full microscopic resolution is often excessive even in the small domains adjacent to lattice defects.
A synthesis of the two approaches can be achieved through the systematic development of a set of nested QC theories that, on one side, resolve a succession of increasingly fine length and time scales and, on the other side, can be matched with each other and with the CC theory. If the finest scale of the QC sequence represents an exact interpolation of the discrete theory, such a gradual continualization can ensure a seamless link between the classical thermo-elasticity and the MD theory. In this way one can formulate both limiting theories in the same framework and resolve the fine scale QC equations on numerical meshes that are coarser than atomic scales.
As a step in this direction, we consider in this paper a prototypical setting and pose the problem of interpolating a discrete Hamiltonian particle dynamics by a QC theory with hereditary (history dependent) elasticity and generalized inertia. The advantage of working with a drastically simplified problem (a linear particle chain with nearest neighbor interactions) is that we know the dynamic behavior of the discrete model in full detail. However, by omitting nonlinearity we exclude from the picture such important effects as thermalization and heat propagation. Also, by insisting on exact interpolation and avoiding coarse graining we exclude dissipation and focus exclusively on dispersion and nonlocality. We therefore remain in the conservative QC framework where no information is getting lost in the process of transition from discrete to continuum.
We begin by demonstrating that in the case of localized loadings the classical elasto-dynamics fails to reproduce several basic features of the discrete dynamics and creates artificial singularities. To remedy these shortcomings in a QC framework one needs to find a continuum representation of the discrete elasticity operator and a consistent continuum interpretation of point forces and initial conditions.
The most well known approach to the interpolation problem is based on the idea of projecting the dynamics onto the first Brillouin zone (e.g. Kunin, 1982; Rogula, 1982; Eringen, 1972; Rosenau, 2003) . In this way one can achieve an isomorphism between discrete and QC theories at the expense of making the elasticity operator nonlocal in space. The main limitation of this approach is its inability to deal with point forces and, more generally, with forces whose Fourier spectra are not band-limited to the first Brillouin zone. Despite this inconsistency, spatially nonlocal phenomenological theories with localized forces have been widely used in numerical simulations and are often presented as a form of a coarse grained MD (e.g. Seleson et al., 2009) .
To deal with localized and impact loadings, we propose in this paper a fundamentally different way of building a QC interpolation of discrete dynamics. Our approach was first developed in statics (Charlotte and Truskinovsky, 2008) where we could handle interactions of arbitrary range that are known to generate an infinite sequence of internal length scales. The main idea is to drop the requirement of maximum smoothness of the interpolation in order to preserve the spatially local character of the resulting QC theory. The discreteness at the continuum level is represented in this approach by a set 1 The term quasi-continuum was probably first introduced by Kunin in the 1960s who used it to describe a maximally smooth continuum interpolation of a discrete model (see references to earlier papers in Kunin, 1982) . The term was later used in Tadmor et al. (1996) as a general reference to a wide variety of mixed discrete-continuum numerical codes.
of PDEs incorporating increasingly fine microcomponents of the displacement field. This allows one to deal with classical sets of boundary conditions and make the QC theory fully compatible with continuum elasticity. The nonlocal model is recovered in this framework if the microscopic components of the displacement field are eliminated by means of nonlocal relations involving the associated Green's functions.
In dynamics, which is the main focus of the present paper, we intentionally limit our description to a chain with nearest neighbors (NN) interactions where the nontrivial internal length scales disappear. As a result, the spatial discreteness in the NN theory can be adequately represented by a single displacement field. By using the Mittag-Leffler fractional decomposition of Green's function in the Fourier-Laplace space we construct a continuum description of the NN chain in terms of a single field obtaining a theory which is local in space and nonlocal in time. The salient feature of the resulting temporally nonlocal (TN) dynamic theory is that both inertial and elastic forces are nonlocal in time and are actually hardly distinguishable which has been anticipated in Willis (1981 Willis ( , 1997 and Milton and Willis (2007) . The main advantage of such a theory is that it does not place any restrictions on the support of the applied loading and can handle point impact loadings as naturally as the original discrete theory. It is also important that the proposed general interpolation scheme can be used as the basis for constructing a sequence of successive approximations which are local in both space and time. Expectedly, the memory/hereditary structure of the approximate inertial and elastic constitutive relations becomes increasingly more complex as the order of approximation increases and finer time scales are taken into consideration.
The paper is organized as follows. In Section 1 we introduce our prototypical discrete linear system and solve explicitly the generic initial value problem. In particular, we consider a benchmark point impact test and discuss the peculiar oscillatory structure of the ensuing discrete solution. We then show that the CC theory, formulated in Section 2, is unable to reproduce some fundamental microscopic features of the energy distribution associated with this discrete solution. In Section 3 we discuss the general principles of constructing QC interpolating models. We identify two equally important problems: the approximation of the dynamic operator in the Fourier-Laplace space and choosing the regularized representation for point forces. In Section 4 we review the previously known interpolation schemes leading to spatially nonlocal theories and show that they are unable to deal with localized loadings. The new TN theory is developed in Section 5 where we show that it reproduces adequately the discrete solution of a generic point impact problem which is the most difficult test for such a theory. In Section 6 we discuss several ways of constructing spatially and temporally local approximations of the exact TN theory characterized by progressively shorter memory, all the way to CC elasticity. The last section contains our conclusions.
Discrete model
Consider an unbounded particle chain shown in Fig. 1 . Suppose that the mass of a single particle is ra where a is the lattice length scale and r is the macroscopic mass density. For simplicity we assume that each particle interacts only with its nearest neighbors through linear elastic springs with elasticity constant aa where a is the elastic modulus (NN chain).
The time dependent displacements of particles uðtÞ ¼ fu k ðtÞg k2Z are assumed to be continuous and particle collisions are excluded. We demand that the external forces afðtÞ ¼ aff k ðtÞg k2Z have appropriated growth properties in space and time. We also allow for the impact loadings defined by their impulses a R t À1 fðtÞ dt. The ensuing mechanical model is fully characterized by the elastic energy, the kinetic energy and the external work:
where the operator D t denotes appropriately generalized partial time derivative. To make our discussion more transparent, we mostly focus on a problem with zero initial conditions
and only briefly discuss the general initial value problem with the given ðuð0 À Þ,D t uð0 À ÞÞ. We also assume that fðtÞ ¼ 0 for t r 0. To illustrate the difference between the discrete and the classical continuum (CC) theories we consider three tests: a step load, an impact load and an initial displacement in a single point. Fig. 1 . Mass spring chain with nearest neighbor (NN) interactions. Masses are subjected to time dependent external forces f k (t).
The dynamics of the NN chain is governed by the following classical system of equations (Brillouin and Parodi, 1956; Maradudin et al., 1963) 
is the characteristic frequency providing the time scale and c ¼ ffiffiffiffiffiffiffiffi ffi a=r p is the macroscopic characteristic velocity. To solve a generic problem for the linear system (3) one can use continuous Laplace (L) transform in time and a discrete Fourier (DF) transform in space. The L transform is defined as follows:
where ImðoÞ o Àǒ b r 0 and the positive real number ǒ b must be sufficiently large to ensure the existence of the integral.
For the DF transform we write
where l 2 K ¼ ½Àp=a,p=a and K represents the fundamental Brillouin's interval in the lattice reciprocal space.
By applying to (3) first the L transform and then the DF transform we obtain
where the complex function
fully characterizes elastodynamic properties of the system. The solution of the problem (7) defined for t Z0 is given by the following inversion formulas: 
we can solve the characteristic equation (10) 
where we defined
The explicit relation (12b) is well-defined everywhere in o n C outside the branch-cuts
Then for each q 2 Z, the doublet ðl 2q ,l 1À2q Þ lays inside the strip B q in (11 
where we introduced the continuum interpolation of the discrete Green's function 2 Gðs,tÞ ¼ 1 2p
The expression (14) can also be rewritten as o n coshðl i a=2Þ
The arrows indicate the paths corresponding to increasing or 2 onR. Four branches at or o Àon merge into two branches at 9or9 r on which then split again into four branches at or 4 on.
where we defined two characteristic length scales ' 7 ðoÞ
The discrete Green's function associated with Cauchy's problem (3), (2) (Schwartz, 1966) and
is Bessel's function of the first type with integral order n 2 Z (Abramowitz and Stegun, 1972) . To study velocity distribution we would also need the time derivative of Gðka,tÞ given by D t Gðka,tÞ ¼ HðtÞJ 2k ðo n tÞ:
The behavior of the function Gðs,tÞ Z 0 is illustrated in Fig. 3(a) . The asymptotic analysis based on the steepest-descend method shows that if either o n t-1 (with 9s9=ao n t fixed) or 9s9=a-1 (with ao n t=9s9 fixed), the function Gðs,tÞ approaches the CC limit shown in Fig. 3 (b)
The time dependence of the functions Gðka,tÞ and D t Gðka,tÞ at discrete points s ¼ ka 2 aZ is illustrated in Fig. 4 . Impact test: When applied loads change sufficiently slow in space and time one can expect that the discrete nature of the chain does not play an important role and one can safely use the CC elasto-dynamics. The problems arise when the loading is localized at a length scale comparable to a or at a time scale comparable to o À1 n . To illustrate the mechanism of failure of the CC theory it is instructive to consider a singular discrete loading imitating point impact:
The parameter p prescribes the impulse of force applied at time t ¼ t 0 .
The knowledge of the response of the system to impact loading is of fundamental importance in both experimental and theoretical characterization of linear discrete systems because it allows one to fully identify the corresponding Green's functions. Indeed, the spectral representation of (21) can be written as f ðl,oÞ ¼ p and if we solve the corresponding discrete problem with zero initial data we obtain
To illustrate this result we show in Fig. 5 (a) the particle trajectories at t 40. One can distinguish two macro-domains. One, in a shape of a cone, shows oscillations, while the complementary domain is essentially oscillations free. The oscillations spread from the transition zone into the cone shaped domain where they eventually decay as the particles approach their classical macroscopic positions (see Fig. 6 (a) and Section 2) u c ðs,tÞ ¼ HðtÀt 0 À9s9=cÞ
It is instructive to trace the evolution of the microscopic boundaries of the oscillation-generating fronts. To this end we can either trace the points 9s9 ¼ ' G þ ðtÀt 0 Þ where the oscillations-induced overshoot reaches its maximal value or the points 9s9 ¼ ' GÀ ðtÀt 0 Þ where the displacements first reach their long time asymptotic limit p=ðro n aÞ given by the CC theory (see Section 2). These two functions are illustrated in Fig. 6 (b); notice that both fronts are always behind the classical Stokes' rays 9s9 ¼ cðtÀt 0 Þ. The increasing separation of the two discrete fronts is an indication of the dispersion-induced spreading (delocalization) of the strain singularities. To better understand the energy distribution in the discrete solution one can compute the work of the loading device (1c) with the force distribution (21)
Notice that at ðs,tÞ ¼ ð0; 0Þ the displacement field is continuous while the velocity field suffers a discontinuity. The instantaneous work (24) of the impact loading (21) is transformed into micro-oscillations. By a slight abuse of terminology one can say that the impact results in propagation of two ''hot'' rays; to render the thermodynamic language fully adequate we need sufficiently strong nonlinearity ensuring the equipartition of energy in the sense of Fermi-Pasta-Ulam system (e.g. Efendiev and Truskinovsky, 2010 and reference therein). As another illustration, consider a spatially localized step loading in the form
In this case the solution of the dynamic problem can be written as
where we introduced the anti-derivative of Green's function from (14) which can be written in the form
This expression can be further simplified as Aðs,tÞ ¼ 4HðtÞ 
In Fig. 7 we show the resulting displacement field and compare it with the limiting CC solution 
One can see that despite the less singular loading in this case, the deviation from the classical theory is considerable around the time of the impact and remains finite in the long time limit near the propagating deformation fronts (Figs. 7 and 8).
Nonzero initial conditions: In order to complete the analysis of the discrete model, it is necessary to consider the problem with nonzero initial conditions. Suppose that at t ¼ 0 À we know the displacements uð0 À Þ and the velocities D t uð0 À Þ.
We also assume that uð0 þ Þ ¼ uð0 À Þ as required by our assumption of continuity. Following Schwartz (1966 Schwartz ( , 1983 , we reinterpret the nonzero initial conditions in terms of localized inertial forces
The generalized equations incorporating these initial conditions can be rewritten in the form
The additional singular loading (30) is required to move the chain instantaneously from a rest state to the configuration with the given initial displacement and velocity (Roddier, 1971) . Notice that the inertial loading raD 2 t uðtÞ in (30) involves a dipole term D t d þ ðtÞ whose impulse is equal to zero so that
but which nevertheless contributes to the instantaneous external work
In spectral space the generalized dynamic problem (31) can be written as
where
and uðl,0Þ and _ uðl,0 À Þ denote the DF transforms of the initial displacements and velocities.
In real space the solution of the resulting Cauchy's problem can be written as (Kunin, 1982; Maradudin et al., 1963; Wolf, 1979) 
where we introduced b Gðs,tÞ ¼ Gðs,tÞÀGðs,ÀtÞ ¼ signðtÞGðs,9t9Þ: ð35Þ
One can see that if in a system without body forces a single particle is given an initial velocity, the resulting motion is the same as in the case of localized impact loading. Suppose for instance that we prescribe the initial velocity
The ensuing displacement field can be written as u k ðtÞ ¼ v b Gðka,tÞ. The computation of the instantaneous work gives P r ðrD 2 t u,u,tÞ ¼ rav 2 HðtÞ which could be also obtained from (21) and (24) by the change of variables p ¼ rav and
If, instead, a single particle is given an initial displacement, it first oscillates but then comes back to its reference position. More precisely, consider the problem with _ u k ð0 À Þ ¼ 0 and u k ð0 À Þ ¼ ud k0 . The solution takes the form
where the function D t b Gðs,tÞ is illustrated in Fig. 9 (a). The function
is shown in Fig. 9 (b). The corresponding particle trajectories are shown in Fig. 8(a) ; the displacement field is also illustrated in Fig. 12 . The instantaneous work (32) can be computed explicitly P r ðrD 2 t u,u,tÞ ¼ ð2rc 2 u 2 =aÞHðtÞ.
An interesting prediction of the discrete theory for a particle chain with massless springs is that localized initial disturbances (kinematic or dynamic) propagate with infinite velocity, which means that every mass point in the infinite lattice feels the disturbance instantaneously (Wolf, 1979) . Indeed, consider the initial data and the impact loading of the form
Then the general solution (34) can be written as
By using (18) one can show that
One can see that the higher the order of the derivative, the larger is the number of particles affected by the impact. In this sense the concept of a sharp deformation front which is common in continuum models can be viewed in the discrete theory only as an approximation.
Classical continuum theory
The most well-known continuum approximation of the discrete dynamics is provided by the CC elasto-dynamics which replaces the lattice model by its formal long wave and low frequency approximation. In the derivation of this theory one assumes 9la9 5 1 and makes a crucial assumption that the kinematic field uðs,tÞ is sufficiently smooth which naturally places restrictions on the loading field f(s,t). The main outcome of the formal long wave expansion is the replacement of the discrete spectral operator Fðl,oÞ by the first term of its Taylor expansion around l ¼ 0
For the limiting model one can again define the elastic energy, the kinetic energy and the external work: 
After inverting the IF transform we obtain u c ðs,oÞ ¼ 1 2p
Finally, by inverting the L transform we obtain the real space solution u c ðs,tÞ ¼ 1 2p
Recall that here we again imply that HðtÞu c ðs,tÞ ¼ u c ðs,tÞ which means in particular that u c ðs,0 À Þ ¼ 0 and
which is Green's function of the classical continuum elasticity describing D'Alembert's solution (see Fig. 3 (Schwartz, 1966) . In addition to replacing the discrete elasticity operator by its long-wave classical analog, the continuum elastodynamics description must propose a continuum representation f(s,t) of the discrete loading fðtÞ ¼ ff k ðtÞg k2Z . While it is clear that at any instant t the resultant force must be preserved
the detailed continuum representation of the localized discrete forces is non-unique. In what follows we consider two most natural candidates and demonstrate that the predictions of the classical model depend on the chosen mode of representation of the loading. Impact test: singular loading: The most straightforward choice for the continuum distribution representing fðtÞ is the singular loading of the form
In this case the discrete impact loading (21) should be interpreted in the classical continuum theory as
The main problem with the representation (50) is that it violates the long wave character of the Taylor approximation involved in the construction of classical elastodynamics. This crucial inconsistency is often ignored because the dynamic problem (42) can still be formally solved. Indeed, if we assume that the generalized function f(s,t) in (50) takes the form (51) we obtain
We have already illustrated the function u c ðs,tÞ in Fig. 5 (b) and our Fig. 6 (a) provides further comparison of the discrete and continuum solutions. One can see that no oscillations occur in the classical elasto-dynamic solution. Outside the coneshaped domain bounded by Stokes's rays 9s9 ¼ cðtÀt 0 Þ the displacements are equal to zero while inside this domain the displacements are constant. Notice that, in contrast to the discrete case, the continuous displacement has a singularity at ðs,tÞ ¼ ð0,t 0 Þ. This singularity produces two discontinuities traveling in opposite directions with velocities c and À c. As a consequence, the velocity field D t u c becomes sufficiently singular for the integral (41c) to diverge at each t Z t 0 .
Indeed, the impact loading (51) can be viewed as the limit of a regularized sequence (Schwartz, 1966 (Schwartz, , 1983 )
HðtÀt 0 ÞÀHðtÀt 0 ÀEÞ E , and E40 is a small time scale. An additional regularization in space does not change the result as shown in Appendix A.
By solving the CC problem with the regularized loading (53) we obtain
At finite E the displacement field is continuous, however, the function u E c becomes singular as E-0 þ , approaching the limit field u c given by (52). In contrast, the regularized velocity field is discontinuous
If we now take into account that u E c ð0,t 0 Þ ¼ 0, the first term of the asymptotic expansion E-0 þ can be written as
Eo n P r ðf,u,tÞ:
An immediate consequence of this formula is that in classical elasto-dynamics the work of the loading device required to generate the displacement field (52) is infinite. Instead, in the discrete theory, which the CC theory is expected to approximate, the corresponding work was finite and equal to P r ðf,u,tÞ (see (24)). The problem is that in CC theory we apply a finite force impulse to an effective particle with zero mass and, as a result, it starts moving with an infinite velocity. In the discrete theory the mass of the particle receiving the force impulse is finite which leads to finite force increment and finite work of the loading device. It is of interest to trace the evolution of the infinite energy supplied by the loading device in the continuum problem. Since none of the two macro-domains (unperturbed and translated) carries any energy, all the energy must be concentrated in the infinitely thin transition zones 9s9 ¼ cðtÀt 0 Þ. The work of the loading device is therefore localized in the singularities of the displacement field propagating in both directions with the characteristic speed c. This energy localization is another spurious artifact of the long wave approximation because the latter is incompatible with the singular structure of impact loading.
Impact test: regularized loading: To correct the inconsistency between the long wave character of the elasticity operator and the short wave structure of the loading, one can try to modify the continuum representation of the localized forces. The interpolation condition can still be satisfied if we restrict the Fourier image of the discrete system of forces to the first Brillouin zone. More precisely, we can use the following construction (Krumshansl, 1965; Eringen, 1972; Kunin, 1982; Rogula, 1982) :
where 1 B 0 is the characteristic function of the domain B 0 . In the physical space we can write
where the weight function is now regular (see Fig. 10 )
One can show that the continuum distribution of forces (57) provides the smoothest (Whittaker-Shannon-Kotel'nikov or WSK) interpolation of the discrete system of loads fðtÞ. Observe that while in the case of the singular loads (50) the Fourier spectrum is completely de-localized, in the case of the regularized forces (57) it is fully contained in the strip B 0 . In the physical space this results in delocalization of the loading at the scale a and brings an internal length scale into the continuum theory. To solve the continuum problem (42) with the source term given by (57) it is convenient to apply first the IF transform and then the L transform. This again brings an algebraic problem (44) After inverting the L transform we obtain u y c ðl,tÞ ¼ 1 2p 
In Fig. 11 we compare the kernels G c ðka,tÞ and G n c ðka,tÞ. One can see that the regularization of the force allows one to recover the lattice scale oscillatory structure of the discrete solution without any additional improvements at the level of the operator which remains scale-free.
We can now consider the impact test with the loading (21) to obtain
The computation of the work gives
As we see, now the work of the loading device is finite and is exactly equal to the analogous term in the discrete theory. Despite this success in matching the energy, the point-wise agreement between the discrete solution (22) and its continuum analog (62) is at most qualitative. In particular, while continuum loading interpolates the discrete one, the continuum displacement field does not. This is related to the fact that the discrete elasticity operator Fðl,oÞ is represented in classical elastodynamics rather crudely. 
Nonzero initial conditions: Suppose now that in the CC theory we pose the problem with initial data u c ðs,0 À Þ and _ u c ðs,0 À Þ.
The corresponding spectral problem can be written as
where we introduced the IF transforms of the initial data. In real space we obtain D'Alembert's solution (e.g. Wolf, 1979) 
which is continuous as long as the loading f does not involve any singular impact component. By following the pattern developed in the discrete theory, we can again interpret the nonzero initial conditions in the CC setting as an instantaneous distribution of inertial forces raD 2 t u c ðs,tÞ ¼ rafD t u c ðs,0
We then need to solve the problem (Schwartz, 1966 (Schwartz, , 1983 
The correspondence between the localized initial data, uð0Þ and D t uð0 À Þ, and the continuously distributed initial conditions u c ðs,0 À Þ and D t u c ðs,0 À Þ can be assumed in the following general form:
where we introduced the weight functions kðZÞ to be specified later; notice that the weight functions used in the displacement field u c ðs,0 À Þ may be different from those used in the velocity field D t u c ðs,0 À Þ.
In the example with an impact load we have seen that the equality between the discrete and the continuum instantaneous work terms can be achieved when the force distribution is represented by the WSK relations with k ¼ k 1 ðZÞ.
A direct inspection of the exact solution of the discrete problem seemingly suggests another weight function k 0 ðZÞ defined in (37) and depicted in Fig. 9(b) . In addition to these specially designed weight functions k 0 and k 1 one can also use more formal regularization of the point loads as it is done in the standard FE codes. For instance, it is customary to consider polynomial shape functions, in particular, the simplest representative of this class
is often used in the numerical quasi-continuum codes Miller and Tadmor, 2002 
In Fig. 12 we show the displacement field obtained by using the weight function k ¼ k 0 and compare it with the interpolation of the corresponding exact solution of the discrete problem uðs,tÞ ¼ uD t b Gðs,tÞ (36). Our Fig. 13 shows the dynamics in the CC theory resulting from the initial point displacement regularized as u c ðs,0Þ ¼ k 2 ðs=aÞu.
While various choices of weight functions ensure the continuity of the field u c ðs,tÞ, they do not necessarily guarantee the interpolation property u c ðka,tÞ ¼ u k ðtÞ. Also neither the local and global impulse balances The comparison of Fig. 13 and Fig. 12 shows that in the case of k 2 ðkÞ the agreement with the discrete theory is rather poor. The P r ðf,u,tÞ. In the following sections we consider a set of QC models providing more complete force and energy equivalences between discrete and continuum theories.
Continuum interpolation
To achieve micro-scale consistency between continuum and discrete theories it is natural to look for a QC interpolation of lattice dynamics. The task is to replace the discrete sequence of functions, u k (t), representing a response of the system to loads, f k (t), by a continuous function of two variables uðs,tÞ satisfying uðka,tÞ ¼ u k ðtÞ ð74Þ
and solving a continuum problem with distributed loads f(s,t) such that f ðka,tÞ ¼ f k ðtÞ: ð75Þ
From the spectral viewpoint, the crucial step is to replace the exact equation (7) in the Fourier-Laplace space, which corresponds to the problem with trivial initial data, by an interpolating equation (76), the interpolating continuum displacement field uðs,tÞ in real space can be obtained from the following inversion formulas:
uðs,tÞ ¼ 1 2p
where u y ðs,oÞ ¼ 1 2p
In some cases it may be more convenient to first invert the L transform and then the IF transform. Whatever is the choice, the function uðs,tÞ must be a solution of the following nonlocal (in both space and time) equation:
While looking at the force balance equation (78a) one is tempted to distinguish between the inertial and the elastic forces and rewrite (78a) in the form
Lð sÀš a ,tÀtˇÞuðš,tˇÞ dš dtˇ¼ I 1 ½uðs,tÞÀI 2 ½uðs,tÞ:
Although below we present several cases when the introduction of the functionals I 1 ½u and I 2 ½u is natural, in the general theory the inertia-elasticity splitting appear to be rather arbitrary.
To ensure that the continuous field uðs,tÞ (with s 2 aR) interpolates the discrete field u k (t) (with k 2 Z) one needs to check that (77b) and (9b) agree at s ¼ ka 2 aZ for all t 2 o À1 n R. As we have already seen in the previous section, an important step is to specify the interpolation method for the collection of point forces f k (t) (and for the discrete initial data, if necessary). 
One can view Eqs. (83) and (84) as a set of (weak) restrictions on the inverse elasticity operator ½F y ðl,oÞ À1 (Green's function).
Below we present in two separate sections the analysis of two types of QC interpolating theories. One of them, which leads to spatially nonlocal and temporally local problem, requires nonlocal boundary conditions and can deal adequately only with regularized loadings (82). The other one operates with spatially local and temporally nonlocal equations, requires only conventional boundary conditions and is compatible with both regularized and singular loadings (81). Both types of theories ensure the energetic equivalence of discrete and continuum models by preserving the value of the external work
Spatially nonlocal QC models
Assume first that the point forces appearing in the lattice model are interpolated in the continuum framework by the WSK interpolants (82). This case can be handled by two known models which differ only in details. Throughout most of this section we assume that uðs,tÞ ¼ 0 for t r 0, at the end of this section we briefly discuss a nontrivial initial value problem.
Model with unlimited Fourier spectrum: The most straightforward way to satisfy condition (84) is to assume (Eringen, 1972; Kunin, 1982; Rogula, 1982) 
The corresponding nonlocal problem (78) has the kernel
where k 2 ðZÞ was introduced in (69) and
The above relation allows one to rewrite (88b) in the form
uðš,tÞ dš:
In this framework the elastic energy, the kinetic energy and the external work take the form (Eringen, 1972; Rosenau, 2003; Silling, 2000; Seleson et al., 2009 These inequalities turn into equalities for the WKS class of loadings and displacement fields whose support is confined to K.
We observe that while the kinetic energy and the external work are both local, the elastic energy in this model is (strongly) nonlocal in space. This type of models have been recently widely used for numerical simulation of solid materials with discontinuous displacements (Silling, 2000; Seleson et al., 2009) .
Interestingly, spatial nonlocality can be ''moved'' from elastic to kinetic energy if one uses instead of the field uðs,tÞ a different fieldŨ ðs,tÞ with (Rosenau, 2003; Truskinovsky and Vainchtein, 2006) uðs,tÞ ¼ Z 1
À1
MðsÀšÞŨ ðš,tÞ dš:
The nonlocal operator M may be defined in different ways; for instance, one can adopt the following implicit characterization:
aD sŨ ðs,tÞ uðs þ a=2,tÞÀuðsÀa=2,tÞ:
At the spectral level this corresponds to the following explicit assumption:
The resulting spatially local equations for the new variableŨ ðs,tÞ are derived in Appendix B.
Model with B 0 -band limited Fourier spectrum: In the class of loadings and displacement fields whose spectral support is localized in K, it is natural to replace (86) by (Krumshansl, 1965; Kunin, 1982; Rogula, 1982) 
This is another strong equivalence assumption which establishes a formal one-to-one mapping between the QC problem defined in the WSK interpolation space and the original discrete problem (Kunin, 1982) . The associated nonlocal problem in the physical space (see (78) 
The second derivative of the function k 3 ðZÞ can be written as
sincðZÞ:
For this model, the inertial contribution to the force balance I 1 ½u in (79b) remains as in (88a), while the elastic contribution takes the form 
where the second derivative of k 1 ðZÞ in (58) is given by
In such a hybrid model the inertial functional I 1 ½uðs,tÞ in (79b) remains like in (88a), while the elastic contribution to the force balance takes the form
Our Fig. 14 presents a comparison of the three elastic kernels k 1 , k 2 , and k 3 .
The main limitation of the QC theory (94) is the restriction on the space of shape functions whose spectral support must be contained in K and which must be regular. In particular, the functions describing localized impact are automatically excluded. The model based on (86) (but not on (94)) can be in principle used in a broader space; however, in the case of singular loading and nonzero initial conditions, both models (86) and (94) produce artifacts (see Appendix C).
To illustrate the inner working of this class of models, consider the response of the system to a general regularized discrete loading in the form (82). In this case the two models presented in this section are equivalent. The solution of (76) can be easily found if we first invert the L transform and then the IF transform (in the previous sections the inversion was done in an opposite order). We obtain 
Here we introduced the ''pseudo'' Green's function 
Impact test:
We are now in a position to present the solution of a localized impact problem under the assumption that it has been WSK-regularized. By direct substitution of (21) into (101), we obtain
The solution (103) is illustrated in Fig. 15 . Notice that G K ðs,tÞ Z0 at the lattice points s 2 aZ, which agrees with the fact that G K ðka,tÞ ¼ Gðka,tÞ Z 0. In Fig. 15(b) we show the nonphysical oscillations originating from the replacement of the discrete model by our spatially nonlocal QC interpolation.
Nonzero initial conditions: Consider now a nontrivial initial value problem in the model with band limited spectra. According to WKS interpolation hypothesis (Kunin, 1982) the continuous initial conditions must be written as
As before, we can represent the initial conditions as singular inertial forces. Then the equation of motion (79a) takes the form
where we recall that in this class of models I 1 ½u ¼ D 2 t ½Hu and raD 2 t uðs,tÞ ¼ ra
The solution of this initial value problem can be written as Due to the known properties of the WKS interpolation, this way of representing the discrete initial data ensures the continuity of uðs,tÞ, guarantees pointwise equivalences between continuum and discrete external loads f(s,t) and fðtÞ, and preserves the work as required by (85); such an equivalence also holds for the inertial loads raD 2 t uðs,tÞ and raD 2 t uðtÞ. The main problem with the two interpolation schemes described in this section is that the corresponding models are spatially nonlocal which raises the issue of nontrivial boundary conditions and requires consideration of extended interaction layers replacing sharp interfaces between the bodies (Kunin, 1982) . In the next section we discuss how the spatial nonlocality can be systematically circumvented.
New temporally nonlocal (TN) model
In the case of generic loadings whose spectrum f ðl,tÞ is not confined to the interval K, the continuum interpolation proposed in the previous section fails (see Appendix C) and one has to look for the alternatives. In this section we present a dynamic extension of the static theory developed in Charlotte and Truskinovsky (2008) which is free of the shortcomings discussed above. Since we are no longer dealing with regularized loading, our construction will be based on the interpolation condition (83).
We In the physical space the dynamic equations of the TN theory take the form
where f(s,t) is defined as in (50). The inertial and elastic terms can be separated as in (79a) with
Notice that, the integration in (113) is performed over the measure generated by the phonon frequency distribution function
which is normalized according to R on 0 nðoÞ do ¼ 1 (Kunin, 1982) .
To compute the integrals in (113) we need to first rewrite their integrands as a combination of terms satisfying the conditions of Jordan's integration lemma. We obtain I 1 ½uðs,tÞ ¼ 1 2p
I 2 ½uðs,tÞ ¼ 1 2p
By mapping these two kernels into the real space we obtain
The function U 1 ðtÞ ¼Ũ 1 ðo n tÞ can be interpreted as a mass density kernel while the function U 2 ðtÞ ¼Ũ 2 ðo n tÞ can be viewed as an elastic kernel. The integrals in (116) can be written as
U 2 ðtÞ ¼ HðtÞa 1À
By using a different path in Laplace's space we can obtain another representation which is easier to handle Our Fig. 16 shows the transient behavior of the effective mass densityŨ 1 and the effective elastic modulusŨ 2 as they approach their long-time asymptotes
Observe that both kernels U p ðtÞ are positive. On can also obtain from (117) and (118) the following useful relations:
To express the integrals in (113) more transparently, we assume temporarily that the following initial condition is satisfied:
uðs,tÞ ¼ 0 for t r 0:
We also exclude impact loads, so that uðs,t þ Þ ¼ uðs,t À Þ and D t uðs,t þ Þ ¼ D t uðs,t À Þ. Then, we can write for t 40
Substituting expressions (122) in the dynamic equation (79a) we obtain
A unique solution of Eq. (123) that satisfies the initial conditions (121) can be written in the form uðs,tÞ ¼
GðsÀŝ,tÀtÞ f ðŝ,tÞ
where Green's function Gðs,tÞ is given by (15). The appearance in this formula of the continuous analog of the discrete causal Green's function (18) means that the TN theory provides the most natural continuous interpolation of the solution for the original discrete problem (13). Impact test: An important property of the TN model (123) is that it can adequately handle singular loadings even though the formal derivation of Eq. (123) The corresponding displacement field in (124) can be shown to have a limit
GðsÀŝ,tÀtÞ f b,E ðŝ,tÞ ra dŝ dtp ra Gðs,tÞ:
In the distribution theory sense, the function Gðs,tÞ in (15) represents the fundamental solution of Cauchy's initial value problem
Gðs,tÞ ¼ 0 for t r0:
In particular, the particle displacement field in the benchmark test (51) can be written in the form
This continuous solution interpolates the discrete solution (22) and therefore the TN theory preserves all the details of the discrete solution.
If instead of spatially singular loads (81), we apply spatially regularized loads (82), the response in (126) remains relatively close to the solution of the discrete problem. The exact solution in this case can be written as in (101) with the pseudo-Green function kernel G K replaced by
A quantitative comparison of the kernels G, G K , G c , G n c and G n computed along the classical Stokes' rays is shown in Fig. 17 . One can see that, as expected, the discrete kernel Gðka,tÞ (discrete solution) is interpolated by both G K ðs,tÞ (solution of spatially nonlocal QC theory) and Gðs,tÞ (solution of the TN theory) while the functions G c (classical solution for singular impact problem) and G n c (classical solution for regularized impact problem) clearly stand aside. In contrast to the classical elasto-dynamic solution G c , the pseudo-kernel G n c exhibits oscillations but still remains rather far from the discrete solution. Another pseudo-kernel G n (solution of the TN model for regularized impact) while being clearly different from G K near the impact source, converges relatively fast to it; this shows the robustness of the temporally nonlocal (TN) model even when the singular loading is approximated by the regularized loading. Most important, however, is that the response of the TN theory (110) to singular loading agrees with the discrete theory without introducing any spurious oscillations. This is achieved due to a nontrivial memory structure in this continuum model which imposes additional smoothness on the time variations of the displacement field. Nonzero initial conditions: As we have seen, the TN model is characterized by complex internal inertia and nontrivial rate dependent internal elasticity. However, the model remains spatially local and requires only two boundary conditions. It is also helpful that exactly as the original discrete model, the TN model can be viewed as a theory requiring only two initial conditions. Indeed, consider a general discrete problem with initial conditions uð0Þ and D t uð0 À Þ. In contrast to the CC model and the continuous interpolations studied in the previous section, in TN model we do not need to choose the continuum interpolation of the initial conditions uðs,0 À Þ and D t uðs,0 À Þ and can instead use directly the lattice values
We can again write the dynamic equation (123) while taking into account the inertial forces
Here we introduced raD 2 t uðs,tÞ ¼ ra
The spectral form of the equation (129) 
The solution of (131a) for the singular loads (81) reads (15), (102), (127), (47) and (61)) along the CC wave-front set 9s9 ¼ cðtÀt 0 Þ. Red circles corresponds to the discrete points ont ¼ 2 s=a 2 Z where Gðct,tÞ G K ðct,tÞ. After a transient phase the functions G K ðs,tÞ, Gðs,tÞ and G n ðs,tÞ converge to the same asymptotic limit (0:3 Â o À1 n ). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
where the functions G and b G are defined in (15) and in (35), respectively. One can check that the continuum representation of the initial conditions takes exactly the same form as in the original discrete theory (34)
The correspondence between fundamental solutions ensures an equivalence between the work in the discrete model P r ðf,u,tÞ and in the TN model P c r ðf ,u,tÞ.
To highlight the role of singular inertia loads raD 2 t u in (130), one can try to regularize them by assuming that raD 2 t uðs,tÞ ¼ ra
where we use regular spatial weight function kðZÞ instead of the singular Dirac function dðZÞ. 
where the pseudo-kernel 
In Fig. 18 we show the displacement field (136) for two different continuum representations of the discrete initial data u k ð0Þ ¼ ud k,0 and _ u k ð0Þ ¼ 0. One representation is based on the weight function k 1 (see Fig. 18(a) ) and another one on k 2 (see Fig. 18(b) ). Both CC solutions shown in Fig. 18 satisfy the condition u c ðka,0Þ ¼ u k ð0Þ, and conditions (71) and (72), however, none of them satisfies the kinematic equivalence condition (74). The TN solution u ¼ D t b G nn u computed with the regularized representation of the initial conditions similarly does not satisfy any of the above conditions, in particular, we lose the kinematic equivalence (74). However, the TN solution (136) can still be shown to approach the interpolating solution with singular initial data (132) at sufficiently large times t 4 0 (see Fig. 12 ).
Alternative formulations and approximations
The integro-differential equation of the TN theory (123) is rather complicated and it is natural to try to simplify it. Below we propose several ways of rewriting this equation which makes its structure more transparent. We again assume (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
for simplicity that the initial conditions are trivial (121). The external load f(s,t) with support in ½t 0 ,1½ can be arbitrary, however, in this section we exclude point impact.
Under these conditions the general solution of the discrete problem can be interpolated by the function (124) 
where we introduced a new displacement field
The nonlocal relation betweenû 0 ðs,tÞ and uðs,tÞ can be explicitly inverted 
The solutionû 0 ðs,tÞ can be written aŝ u 0 ðs,tÞ ¼
where we defined the new kernel 
In the case of step loading the solutionû 0 can be written in the form (141), modulo replacement of A by A 0 . As one can see in Fig. 19 , this solution captures the main macroscopic phenomenon, however, the recovery of the original displacement field u brings additional lattice scale oscillations generated by the nonlocal operator (144a). An interesting feature of the new representation is that both momentum and stress have now similar relation to the displacement field. Indeed we can rewrite (142) as 
are represented as strikingly similar nonlocal functions of the displacement field. Such a 'blending' of stress-strain relations and momentum-velocity relations is typical for the homogenized description of dynamic media with microstructure (Willis, 1981 (Willis, , 1997 Milton and Willis, 2007) .
It is also of interest that the dynamic equations (142) and (146) 
The fields fû p ðs,tÞg p ¼ 1;2 are defined by the following relations:
which implies a nonlocal relation between them. In addition to symmetric formulations of the TN model where time nonlocality is present in both inertial and elastic terms, it is instructive to consider formulations where temporal nonlocality is concentrated either only in the elastic or only in the inertial term. For instance, in terms of the fieldû 1 introduced above, the TN dynamic problem can be rewritten as a problem with conventional inertia and time nonlocal elasticity f ðs,tÞ ¼ rD The behavior of the kernel Y 1 ðtÞ is shown in Fig. 20 
In the case of step loading (140), the solutionû 1 of (151) can be again expressed as in (141) with A replaced by A 1 . This solution is illustrated in Fig. 21(a) and (c). Notice that alreadyû 1 captures the main macroscopic phenomenon; however, it still misses lattice scale oscillations ahead of the deformation fronts. The recovery of the microscopic solution is performed by using the nonlocal operator (153) which restores the missing lattice scale details (compare Fig. 19(c) with Fig. 21(c) 
Here we introduced another kernel
This function is illustrated in Fig. 20(b) ; one can see that Y 2 ð0Þ ¼ D t Y 2 ð0Þ ¼ 0, and Y 2 ð1Þ $ 1 in the long-time limit.
Once again the original field uðs,tÞ can be obtained explicitly as where the fieldû 2 ðs,tÞ solves the dynamic problem (156) u 2 ðs,tÞ ¼ 
and in the case of step loading (140), the solutionû 2 of (156) can be expressed as in (141), by replacing A by A 2 (see Fig. 21 (b) and (d)). Again, the solutionû 2 captures the macroscopic features of dynamics but misses the detailed structure of lattice oscillations. Those can be recovered by applying the operator (158) (compare Fig. 19(c) with Fig. 21(d) ). Although the fieldsû 2 andû 1 are qualitatively similar in the sense that they are both more oscillatory than the fieldû 0 ðs,tÞ, they remain quantitatively different as one can see from Fig. 22 . The model based onû 2 with all temporal nonlocality contained in the inertial term (see (156)) is particularly promising because it can be easily generalized to the case of nonlinear elasticity. We now briefly describe one approach to constructing a sequence of approximate models capturing successively shorter time scales. Starting with the classical form of dynamic equations (146) we observe that sðs,tÞ ¼Ũ 2 ð1ÞD sû2 ðs,tÞ ¼
pðs,tÞ ¼Ũ 1 ð1ÞD tû1 ðs,tÞ ¼ D t
In the spectral space the relations (161a) and (161b) take the form 
1þ
where the coefficients ðQ n ,R n ,S n ,T n Þ can be found explicitly. 
Gðkþ1=2Þ Gðkþ1Þ
GðnÀkþ1=2Þ GðnÀkþ1Þ
GðnÀkÀ1=2Þ GðnÀkþ1Þ
for the case (164a) and
Gðnþ1=2Þ Gðnþ1ÞGð1=2Þ
, R n ¼ 1
GðÀ1=2Þ
GðnÀ1=2Þ Gðnþ1Þ
: for the case (164b). In order to decide which approximation is appropriate one needs to specify the nature of the physical problem. Several interesting attempts in this direction can be already found in the literature (e.g. Mindlin, 1964; Polyzos and Fotiadis, 2012) .
Discussion
In this paper we made an attempt to extend the framework of continuum elasto-dynamics into the domain where the behavior of a crystal lattice is strongly discrete. This means that we consider problems where both spatial and temporal external scales, describing either geometry or loading, are comparable to their internal counterparts dictated by the lattice itself. In order to focus on nonlocality and dispersion we excluded the effects of nonlinearity. In this way we avoided the localization, on one side, and the energy tunneling from long to short waves with subsequent thermalization, on the other side. We also minimized the geometric and structural complexity of the problem by focussing on the simplest 1D chain with NN interactions.
The main goal of our study was to construct a QC model whose solutions provide an exact interpolation of the solution of the fully inertial discrete model. Since the interpolation problem has typically multiple solutions one is confronted with the choice that can be guided by physical, analytical or computational considerations.
The previous interpolation related efforts, mainly associated with the names of Kunin (1982) and Rogula (1982) , were aimed at the models with classical inertia and strong spatial nonlocality. Such models have been recently rediscovered by the computational community under the name of peridynamic theory (e.g Silling, 2000) and are widely used as a coarse grained form of molecular dynamics. However, the analytical complexity of this approach and the necessity to deal with long range spatial interactions extending beyond the actual boundaries of the bodies, makes the detailed mathematical analysis elusive. Therefore our main goal was to develop a spatially local QC theory which is nevertheless fully faithful to the original discrete model and still allows for temporally local approximations.
In our previous work (Charlotte and Truskinovsky, 2008) devoted to statics we have shown that a spatially nonlocal QC model of a simple lattice with arbitrary long interactions can always be replaced by a series of spatially local models incorporating auxiliary variables describing micro-corrections to the macroscopic displacement field. In this paper we extended this framework to dynamics. Assuming that the static part of the model is understood we focussed on the simplest inertial effects. To this end we have drastically simplified the spatial structure of the lattice model by considering a simple particle chain without nontrivial internal length scales.
Our main result is that lattice scale elasto-dynamics can be adequately represented at the continuum level by a temporal memory structure. More precisely, we proposed a QC model with nontrivial inertia and hereditary elasticity (temporally nonlocal or TN model) which accomplishes an exact interpolation of our prototypical discrete model. The unusual non-Newtonian inertia can be understood in the framework of a meta-material paradigm (Milton and Willis, 2007) which presumes that a ''visible'' continuum particle carries a variety of internal degrees of freedom representing locally non-affine (non-Cauchy-Born) dynamic responses. The memory structure of our elasticity can be linked to the ''structural attenuation'' (Brillouin and Parodi, 1956) involving energy redistributions between microscopic degrees of freedom. In this sense both the nonclassical inertia and the hereditary/memory structure of elasticity are the means of adequate continuum representation of high frequency vibrations of the lattice without introducing temperature (see also Park and Liu, 2004; Park et al., 2005; Tang et al., 2006; Karpov et al., 2007; Tadmor and Miller, 2011) . The extension of the proposed model towards including interactions beyond nearest neighbors is straightforward in view of the results obtained in Charlotte and Truskinovsky (2008) and will require adding appropriate internal variables equipped with their own temporal nonlocality.
Despite the unquestionable complexity of the derived TN model in the time domain, it remains local in space which facilitates spatial matching of the QC based computations with the MD based computations. In particular, the proposed QC scheme can be used as an interface between discrete and CC representations of lattice vibrations (Farrell et al., 2007) . The development of such an interface is crucial for building effective hybrid discrete-continuous codes aimed at solving a variety of multi-scale problems involving nucleation and interaction of crystal defects, as well as addressing other challenges raised by nanotechnologies (Fish, 2006) . and that (91) The next step is to compute explicitly the kernels MðsÞ and RðsÞ by using the inverse IF transform (43a) in the sense of generalized tempered functions (Schwartz, 1966 (Schwartz, , 1983 Bremermann, 1965) The solution of the spectral problem (B.1) with the spatially smooth loading force (82) Despite the obvious appeal of having a local elastic energy in the new variables the complexity of the kinetic energy kernel makes it hardly practical outside some particularly simple dynamic situations (e.g. traveling waves as in Truskinovsky and Vainchtein, 2006) . In contrast, the alternative formulation in term of the original field uðs,tÞ is quite easy to implement numerically and different nonlinear extensions of the model (87) have recently gained a lot of attention (e.g. Silling, 2000; Seleson et al., 2009 ).
Appendix C. Artifacts associated with singular forces in spatially nonlocal QC model
In order to show that the general approach introduced in Section 4 provides at most an approximation in the case of localized loadings, it is sufficient to consider a static problem.
Suppose that the self-equilibrated force distributionf ðsÞ is such that its IF-spectral supportf 
